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1 Notes

The gravitational force is one of the four fundamental forces in nature. It is a mutual interaction
between all massive particles, and it is always attractive in nature.

1.1 The Basic Quantities
In gravitation, the four basic quantities you will deal with are:
1. Gravitational Force, F,
2. Gravitational Field, g
3. Gravitational Potential Energy, U,
4. Gravitational Potential, ¢,

Note that the first two are vectors while the other two are scalars.

1.1.1 Gravitational Force and Gravitational Field

Consider two point masses M7 and My located at position vectors r1 and ro. Let the separation
vector be r = ry — ry.

The gravitational forces by each point mass on the other mass are given by

G M, My

Fgivy2 = ‘I"?’ r (1)
G My M
Fgopy1=— I[3 r (2)

The gravitational field can be thought of as the gravitational force per unit mass. Let the mass
M be placed at the origin. The gravitational field at a position vector r away is given by

GM
g= —WI' (3)

1.1.2 Gravitational Potential Energy and Gravitational Potential
Consider two point masses again. The gravitational potential energy is given by

GM; M>

x|

U, =— (4)
The gravitational potential can be thought of as the gravitational potential energy per unit mass.
Thus, the gravitational potential at a position vector r away is given by

GM
¢g = T

x|

(®)

The negative signs in Equations (4) and (5) are very important! The signs are negative as the
gravitational force is always an attractive interaction.


https://en.wikipedia.org/wiki/Fundamental_interaction

FIZIKA SPhO Handouts

1.1.3 Relationships Between Quantities
As we have studied before, force is the negative of the derivative of potential energy. Thus,

du,
f==g

Conversely, to get gravitational potential energy from gravitational force,

(6)

Ug:—/ng-dr (7)

[e.o]

Since the gravitational field and gravitational potential can be thought of as the gravitational
force and gravitational potential energy per unit mass respectively, we also have

¢
= 2% 0
0=~ [ g )

A helpful image for remembering this is the square below:

xm

Field(r) < p Force(r)
A L=m 4
dl() g d() .
-2V -| Odr i V4 - .
dr J l dr J ()
v xm v
Potential(r) »p PE.(1)
<

1=m

1.2 Circular Orbits

You should already be familiar with this from H2 physics - this is just a recap.

1.2.1 Period, Speed and Radius of Circular Orbits

Consider a satellite of mass m in a circular orbit around a planet of mass M. We shall assume
M >> m (which is justifiable for a normal satellite and normal planet), so that the planet is
approximately stationary at the centre of the orbit.

Since the gravitational force provides for the centripetal force,

2
mv” _ GMm v = GM (10)

F.=F, = = =
g R R? R

Thus, from circular motion,

) GM 2w R3
w_ﬁ_,/iRg,T_;_zw il (11)

Remember that none of these quantities depend on the mass of the satellite, m!
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We are mostly interested in geostationary orbits. This is a special type of orbit centered
around Earth, where the satellite remains fixed above a specific point on the Earth’s equator.

The period of the geostationary orbit is equal to the period of the Earth’s rotation:

Tgeosmtionary = TEarth = 24h (12)

You can show that the radius of geostationary orbit is around Rycostationary = 42000 km.

1.2.2 Energy of Circular Orbits

The total energy of a circular orbit consists of kinetic energy and gravitational potential energy.
As there are no external forces acting on the satellite-planet system, total energy is conserved.

We may calculate the different forms of energy as such:

1 GMm GMm
K= -mv?=-"—— - 77 E=K - _
5™ SR Uy R + U,
Note that the total energy £ < 0. This implies that the orbit is bounded. We’ll see more on

what bounded orbits mean in Section 1.6.

GMm
2R

= constant (13)

Only for circular orbits, we may write:
K=-FE, U,=2E, Uy = —-2K (14)
These relations may be useful if you need to find one form of energy given another.

1.2.3 Binary Star Systems

If the masses of the two gravitationally interacting objects are comparable (i.e. M is not >> m),
then both objects will revolve around each other, about their CM. The orbits are concentric
circles, as shown in the diagram below.

AL

N
center
of mass

Firstly, note that the angular frequency of both orbits must be the same, so that the CM stays
at the same position. (The CM cannot move as there are no net external forces on the system.)

W1 =Wy =Ww (15)
Let the radius of orbit of my be r{, and that of msy be ro, and r = r1 + 5. Then,

Gm1m2 Gm1m2

2 2
MATIW] = e, marawy = — (16)
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From the CM relation, we have

2 _ i (17)
T1 ma9
Using Equations (15), (16) and (17), we can obtain that
G (m1 + mg)
w = — 3 (18)

We can analyse this using reduced mass as well. Recall that the system is equivalent to a

mass i = % interacting with a mass M = mj + mg at rest. You can then recover the same

results. (Try it yourself as an exercise!)

1.3 Elliptical Orbits

In reality, most orbits are not circular. They are instead elliptical!

1.3.1 Ellipse Geometry

An ellipse centred at the origin can be described by the Cartesian equation

S+ 5 =1 (19)

where a and b (a > b) are the semi-major and semi-minor axes of the ellipse respectively.

co-vertex

-

- T vertex
semi-minor axis

focus

/ 3
linear eccentricity

center

semi-major axis

The foci (labelled F; and F») of the ellipse are located at (£¢, 0), where
c=Vva?—b? (20)
The value of ¢ is also known as the linear eccentricity.
The foci are special points such that for all points P on the ellipse, they satisfy
PF 4+ PF; = 2a = constant (21)
The eccentricity ¢ (different from linear eccentricity!) of the ellipse is defined as
e=—=1-— (22)

The directrix of the ellipse is a special line lying outside the ellipse.
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As per the diagram above, the directrix is located at

a

Tdirectriz — ? (23)
and it satisfies PE
1

— 24

Pl —°© (24)

for all points P on the ellipse.

You can visualise for yourself that that a circle has ¢ — 0% and a line has ¢ — 1.

1.3.2 Polar Equation of Elliptical Orbits

Consider a satellite of mass m in an elliptical orbit around a planet of mass M. Again, we
assume that M >> m so that the planet is approximately stationary.

The polar equation of the ellipse, with the origin at the position of the planet, is

p

r = ——
1—ecosf’

0<e<l, p>0 (25)

We may transform Equation (25) into Cartesian coordinates. Recall that r? = 22 + 32, and
x =rcosf, y=rsinfd. Hence,

(=) g2

() ()

Recall from H2 math that this is an ellipse with origin shifted to the right by ;¥ units along
the positive xz-axis. Comparing to the form of the ellipse equation in Equation (19), we have

r=p+ercosd = rl=a24+y’=(p+er)’ =

=1 (26)

P v L2 (27)

1 V1—¢?

Thus, we may define this constant p from Equation (25) as

a

¥ a? -
p:—:
a a
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1.3.3 Apsides of Elliptical Orbits

Based on Equation (25), we can see that by varying 6,
p p

Tmax = 1 y T'min =

—_ 29
—€ 1+e¢ (29)

The ezistence of a maximum and minimum radial distance means that the orbit is bounded.

The maximum and minimum distances occur at the points named the apsides. There are two
types of apsides - the periapsis (nearest point) and the apoapsis (furthest point).

"

Remark. In some books, you may see the words "perihelion" and "aphelion", or "perigee'
and "apogee". These are equivalent to the periapsis and apoapsis for the specific cases of a body
orbiting the Sun and the Earth repsectively.

1.3.4 Angular Momentum of Elliptical Orbits

Recall from the rotation handout that the angular momentum is defined as
L=mrxv (30)

From Equations (1) and (2), the gravitational force acts purely in the radial direction (with the
planet/Sun that is being revolved around as the origin). Thus, it contributes to no net torque
around the central axis of the planet/Sun. Hence, angular momentum is conserved!

For an elliptical orbit, we are most interested in the angular momentum at the apsides, since
the cross product in Equation (30) is easiest to calculate as r L v.

Thus, by COAM, letting subscripts p and a denote the periapsis and apoapsis respectively,

Mrpp = Mrqlq =  TpUp = T'alq (31)

1.3.5 Energy of Elliptical Orbits

Similar to a circular orbit, the total energy of an elliptical orbit consists of kinetic energy and
gravitational potential energy. Again, as there are no external forces acting on the system, total
energy is conserved. However, the radial distance isn’t constant!

The total energy for an elliptical orbit of semi-major axis a is instead given by

GMm

a

E=K+U,;=— = constant (32)

The proof of Equation (32) is in the Appendix. However, it suffices to just quote it.

In many elliptical orbit questions, you will need to use Equation (31) and (32) in tandem.
The example below illustrates how.

Example 1.1 (Ricardo). A satellite of mass mg is in an elliptical orbit around a planet of mass
my (my >> my), which is located at one focus of the ellipse. The satellite has a speed v, at the
distance r, when it is furthest from the planet. The distance of closest approach is r,. Find the
ratio ;—: in terms of G, my, v, and r,.

Applying COAM at the periapsis and apoapsis,

TaVa

TpUp =TqVq = Up =
Tp
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Applying COE at the periapsis and apoapsis,

1 5 Gmym 1 5 Gmym

1 1
_ 2 2 _
im’l)p — T = §mva — T = Up — U(l = 2Gmp <’r‘p — Ta)

To eliminate vy, substitute the first equation into the second:

e 2 Ta = Tp A Ta = Tp
5 — 1) vy =2Gm, = 3 v, = 2Gmy,
T TpTa T TpTa

N <<ra—rp> <ra+rp>> 2 = 26m, (—) <+> p2 = 26my

2 a
Tp TpTa Tp Ta

Let our desired ratio 7¢ = x. Thus,
p

2Gm,, 2Gm,,
= —F €r =

r 7o U2 -1
a a%aq

(ac—i—l)vg

1.3.6 Hohmann Transfer Orbit

The Hohmann transfer Orbit is a type of elliptical orbit, used as an intermediate to transfer a
satellite from one circular orbit to another.

The Hohmann transfer orbit is labelled "2" in the diagram above. (It actually only consists of
half the elliptical orbit.)

The key features of the Hohmann transfer orbit are:

1. It consists of two speed changes, Av > 0 and Av’ < 0, at the start and end respectively.
These are usually achieved by rocket propulsion.

2. The semi-major axis of the Hohmann transfer orbit is given by a = R+TR/.

3. The satellite starts at the periapsis and ends at the apoapsis.

Remark. In SPhO, you are expected to know what this refers to. That is, you might not be
given a diagram for Hohmann transfer orbit questions!

Example 1.2 (Ricardo). A space vehicle is in a circular orbit around the Earth of radius R,
and mass M,. The mass of the vehicle is my; << M, and the radius of the orbit is 2R,. We
want to transfer the vehicle to a circular orbit of radius 4R.. (i) Find the minimum energy
expenditure for the Hohmann transfer. (ii) What changes in speed are required at points A and
B in the Hohmann transfer (refer to the diagram below)?
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(i) We may just consider the change in total energy of the two orbits:

GM.mg
AEmin*Ef—Ei*—m— <

_GMems) _ GM.mg
2(2R.) ) 8R.

The positive sign makes sense as we need to supply energy for the transfer.

(ii) The semi-major axis of the Hohmann transfer orbit is

2R, + 4R,
Q= =

5 3R,

The total energy of an elliptical orbit with this semi-major axis is

_G’MemS GM.mg _G’MemS

2 2(3R.)  6R.

Enew =

The total energy is conserved, so we may calculate the KE at points A and B using the total
energy and the GPE.

At the periapsis (point A),

GM.mg GM.mg . 1 2 2G' M,
— = - —mgv Vg =
6R, 2R, g oA A

and at the apoapsis (point B),

GM.mg GM.mg n 1 2 GM,
— =— ) vg =
6R. AR, 2 %P B 6R.
: : : . _ GM. ) _ GM.
The speeds in the circular orbits are v circutar = /5 Vo and VB circular = iR Thus, the

respective changes in speed are
Avs — 2GM.  |GM. _ \/7_ \F GM,

4=\ 3R, or. \V3 V2)\ R

A — GM, B GM. \/T_ \/T GM,

"5 =\ "6R, ar, \Ve V1)V R,

As expected, Avg > 0 and Avg < 0.

1.4 Kepler’s Laws

Kepler’s three laws are essential to our understanding of gravitation and planetary motion. The
detailed proofs of each law can be found in the Appendix.
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1.4.1 Kepler’s First Law

Statement: The orbit of every planet is an ellipse with the Sun at one of the two foci.

This is self-explanatory. The other focus of the ellipse is what we call the empty focus.

1.4.2 Kepler’s Second Law

Statement: A line joining the planet to the Sun sweeps equal areas in equal times.

Planet s Orbyy
&

Planet moves distance x
and distance y in same
amount of time. Area x equals
area y. Planet moves fastest
when nearest the Sun.

perihelion

distance y

This means that % = constant, or alternatively, by integrating over one period, we may write

LT
b=—
mab = (33)

where L is the angular momentum about the axis of the Sun, T is the period, and m is the mass
of the planet.

This is useful for problems where the area swept out by an orbit can be easily calculated.

1.4.3 Kepler’s Third Law

Statement: The square of the orbital period is proportional to the cube of the semi-major axis.

Mathematically, we may write
3
2mwa?

vGM

where T is the period, a is the semi-major axis, and M is the mass of the Sun.

T =

(34)

Clearly, Kepler’s Third Law only applies for bounded orbits, as we can only define a period
for a bounded orbit and not an orbit that goes to infinity.
You'll usually need to apply multiple laws in a problem. Let’s look at an example.

Example 1.3 (Kevin Zhou). An object of mass m is dropped from rest at a distance R from
above the Earth’s surface, where R is also the radius of the Earth. Given that the mass of the
Earth is M >> m, how long does it take to hit the Earth’s surface?

The solution to this uses an ingenious trick in order to utilise the idea of elliptical orbits!

10
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Notice that the time will not change much if the mass was given a small kick in the hori-
zontal direction before release. The orbit will hence become a very thin ellipse, with a ~ R, with
one focus very near the centre of the Earth, by Kepler’s First Law.

A diagram of the elliptical orbit is shown below:

The area swept out by the portion of the orbit we are interested in is the shaded area.

Let the full orbit have period T. Recall that the area of an ellipse is wab where a and b
are the semi-major and semi-minor axes respectively. Then, by Kepler’s Second Law, using the
ratio of areas, the time taken is

wab ab
- +t5 1 1
t=T|2—2|=1T ( )
< wab ) 4 + 2m
by summing up a quarter of an ellipse and a right triangle.

Now, the time T is given by Kepler’s Third Law:

27Ta% 27TR%

= Jen ~ Vo

Hence, we obtain the final answer,

‘o (ﬂ N 1) i
\2 GM
You should understand how all three of Kepler’s Laws came into play in this example.

1.5 Ideas

Finding gravitational fields can be tricky. We shall introduce three ideas that may help.

1.5.1 Gravitational Flux and Gauss’ Law

Loosely speaking, flux is defined as the "number of field lines passing through an area".

11
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Mathematically speaking, the flux of a vector field F is defined using a surface integral:

@F://AF-dA (35)

Here, note that the subscript A represents that the integral is carried out over an area. Also,
dA is an infinitesimal area vector - refer to the blue arrows in the diagram above!

When we calculate gravitational flux, we usually choose a surface that is closed, mean-
ing that it encloses a finite, non-zero volume. Additionally, in this case, our vector field F is just
the gravitational field, g. We hence use the following notation for gravitational flux:

@g:%[ég.dA (36)

Gauss’ Law for Gravity relates Equation (36) to the mass enclosed by the closed surface:

# g dA = _47TGmenclosed (37)
A

Don’t be intimidated by the surface integrals! In Physics Olympiad, you’ll only be applying
Equation (37) to situations with high symmetry. These are situations where |g| is constant
over your chosen surface, and g is purely parallel/anti-parallel to dA, allowing you to simplify
the dot product g - dA.

Remark. Be careful of the sign conventions! For the area vector, outward is defined as
positive while inward is defined as negative. Thus, outward flux is defined as positive while
inward flux is defined as negative!

These surfaces with high symmetry are known as Gaussian surfaces. You'll need to spot
three types of Gaussian surfaces in Olympiad problems, corresponding to different symmetries:

1. Sphere: Radially symmetric gravitational fields
2. Cylinder: Cylindrically symmetric gravitational fields
3. Pillbox: Planarly symmetric gravitational fields

Example 1.4. Determine the magnitude of the gravitational fields due to the following mass
distributions. (i) A hollow sphere of mass M and radius R, at a point a distance r from the
centre of the sphere. (ii) A solid, uniform sphere of mass M and radius R, at a point a distance
r from the centre of the sphere. (iii) An infinitely long rod with uniform linear mass density p
at a point a distance x from the rod. (iv) An infinite plane with uniform area mass density o at
a point a distance x from the surface.

While you could have done all four parts just using naive integration (try it yourself as an
exercise!), this example shows you how to apply each type of Gaussian surface to find the
gravitational fields in a more elegant manner.

(i) Firstly, note that the behaviour will be different for r < R and r > R, as the relation-
ship between Mmepcioseq and 7 differs in both cases. (Don’t forget to consider both cases!) We

choose our Gaussian surface to be a concentric sphere of radius r, due to the radial symmetry.

For the former, the enclosed mass is always 0, as the Gaussian surface lies inside the hol-
low sphere, which has no mass inside. Thus, by Gauss’ Law, g = 0.

12
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enc\0sed mass =

For the latter, the enclosed mass is always M, as the Gaussian surface completely encloses the
whole sphere of mass M.

enclosed mass = M

Due to symmetry, g always points radially inwards, and is anti-parallel with dA (pointing
radially outwards from the Gaussian sphere). Hence, g - dA = —gdA. Thus, by Gauss’ Law,

GM
# g-dA =—g (4777"2) = —4nGMenclosed = —4nGM = g = 2
A T

Hence, the final answer for the gravitational field is

(r) = 0, r<R
T\, >R

(ii) Again, note that the behaviour will be different for » < R and r > R. Again, we choose our
Gaussian surface to be a concentric sphere of radius r.

Fg)r the former, since the density is constant, the enclosed mass scales by 73, and is Mepciosed =
7z M. Thus, by Gauss’ Law,

r3 GMr
B 7 9T R

# g-dA =—g (471'7"2) = —47GMenclosed = —4mGM
A

For the latter, the enclosed mass is just M. Thus, by Gauss’ Law,

# g-dA=—g (47TT2) = —4rGMmenciosed = —4TGM = g =
A

13
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Hence, the final answer for the gravitational field is

g(r) = pit <R
Gl r>R

(iii) The infinite nature of the rod means that there should not be a component of the gravitational
field parallel to the rod’s axis. (You can think of there being an equivalent mass on the other
side to cancel out any parallel component, since it is infinite.) We choose our Gaussian surface
to be a coaxial cylinder of length L and radius x, due to the cylindrical symmetry.

enclosed mass :/AL

L Y A
N

X

Due to symmetry, g always points radially inwards towards the axis of the cylinders, and is
anti-parallel with dA (pointing radially outwards from the curved surface area of the Gaussian
cylinder). Hence, g - dA = —gdA. Thus, by Gauss’ Law,

2
# g -dA = —g (2nxL) = —4nGMenclosed = —4nGuLl = g(z) = @
A

T

(iv) Similarly, the infinite nature of the plane means that there should not be a component of
the gravitational field parallel to the plane. We choose our Gaussian surface to be a "pillbox"
(a very short box) of cross-sectional area A, with its flat faces at +z parallel to the
plane, due to the planar symmetry.

enclosed mass = 7A
A Al

/’, -*
afi

(verysma)
'

Due to symmetry, g always points perpendicularly inwards towards the plane, and is anti-parallel
with the dA on the larger surfaces, and perpendicular to the dA on the smaller surfaces. That is,
the smaller surfaces contribute no gravitational flux, and for the larger surfaces, g-dA = —gdA.
Thus, by Gauss’ Law,

# g -dA = —g(24) = —4A7GMenciosed = —41GocA =  g(x) = 271Go
A

Surprisingly, this set-up produces a uniform gravitational field!

14
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1.5.2 Newton’s Shell Theorems
In Example 1.4 (i) and (ii), we have proven the following, called Newton’s Shell Theorems:
1. Inside a uniform spherical shell, there is no gravitational field everywhere.

2. Outside a uniform spherical shell of total mass m, the gravitational field is the same as if
the shell was replaced by a point mass m at its centre.

These statements are useful to simplify the calculations of gravitational fields in shells.

1.5.3 Superposition and Negative Mass
Sometimes, certain objects may have "holes" in them, whereby mass has been removed. Calcu-

lating the gravitational fields may be difficult, since symmetry is broken.

However, the good news is that gravitational fields obey the principle of superposition! This
means that fields add linearly as vectors. Thus, you may calculate the gravitational fields of
each piece of mass separately (using Gauss’ Law or naive integration), and add them together!

The concept of negative mass can be applied to holes. Using the principle of superposi-
tion, we may find the gravitational field as if the hole was filled normally, and then add up the
field produced by a negative mass filling up the hole.

Example 1.5. Consider the infinite plane in Example 1.4 (iv), except a hole of radius R is now
present, centered at the origin. Find the gravitational field along the axis of the hole.

Using the principle of superposition,
g = Bplane + 8hole

where gpoe is produced by a hole of the same dimensions, but a negative mass density —o.

We already found gpigne in Example 1.4 (iv). To find gpee, let us perform naive integra-
tion, by treating the circular hole as many rings together.

Consider a ring of radius r and mass m. We want to find the gravitational field along its
axis, at a distance x away from its centre.

Clearly, after integrating across the ring, only the component dg cos @ will survive. From the
3 _ X
diagram, cosf = T Thus,

) —/d cos@—/de T = G /dm—Gmx
Jring = g - T2+$2\/m o (7‘2—1—1‘2)% o (7‘2—|—l’2)

Now, we integrate across all the rings that form the circular hole.

[N

15
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8

The mass of each small ring is dm = —0 dA = —27r'o dr’, accounting for negative mass. Thus,
/ Gz dm /R 2rGoxr' dr' 2rGox
hole = _— = — = —
Ghole (7”2 +$2)% 0 (7.12 +x2)% V2 + R2

Hence, by the principle of superposition,

2nGox 9 (1 x )
AT  onGo (1 —
z% 4+ R? Va? 4+ R?

Of course, you could have solved this without negative mass, by just integrating the gravitational
field of the rings from R to co. However, this method is much more flexible, as it can apply to
other situations where naive integration is difficult due to loss of symmetry!

g(x) =2nGo —

1.6 References

An Introduction to Mechanics by Kleppner & Kolenkow
Gravitation Handout by Kevin Zhou

Competitive Physics by Wang & Ricardo

University Physics by Young & Freedman

An Introduction to Classical Mechanics by David Morin

16
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2 Problems

Problems are arranged in roughly increasing difficulty. Take G = 6.67 x 101 Nm?/ kg2 if needed.

Problem 2.1 (SPhO 2009). An object is fired vertically upwards from the surface of the Earth
(of radius Rg) with an initial speed v; that is comparable to but less than the escape speed vese.
(i) Show that the object attains a maximum height h given by

2

b Rgv;
- 2 — U2
esc 3

(ii) A space vehicle is launched vertically upwards from the Earth’s surface with an initial speed
of 8.76 km/s, which is less than the escape speed of 11.2km/s. Find the maximum height that it
attains. (iii) A meteorite falls towards the Earth. It is essentially at rest with respect to the
BEarth when it is at a height of 2.51 x 107 m. Determine the speed at which the meteorite strikes
the Earth. (iv) Assume that a baseball is tossed up with an initial speed that is very small
compared to the escape speed. Show that the maximum height attained by the baseball is

el
29

where g is the acceleration due to free fall on the surface of the Earth. Show also that the
equation from part (i) is consistent with this equation.

Solution. (i) At maximum height, vy = 0. Thus, by COE,

lmUQ_GMm__GMm N 2GM—112— 2GM
2 R  Rp+h Rg " T Rp+h

1 GMm 2GM
5 esc TE = Vesc = RE

Thus, rewriting in terms of vese,

2GM 2GM 2GM — Rpv? Rpv? Rpv?
v, — v = = h=—5———Rpg= 2E6502+ BV _ QEZZ
RE +h Vese — U5 Vese — Y; Vese — Y;

ii) Using the result of (i), we plug in the numbers to get
(i) Using g g
h=1.0x10"m

(iii) We observe that a stone thrown vertically upwards with the same speed that the meteorite
strikes the Earth will also cause it to rise to the same initial height of the meteorite. (In other
words, mechanics is time-reversible.) Thus,

2
2 Uesch h
S = i — Uesc - — 1 . k
v; i h = VU = Vescy/ T 0.0km/s

(iv) If the initial speed is very small, the maximum height is also very small, thus the gravitational
field is approximately constant at g for the whole duration. This then becomes a simple 1D
kinematics problem:

PR
g 2 29
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Problem 2.2 (SPhO 2008). A satellite of mass 1000kg is in an elliptical orbit around the
Earth. The minimum height of the orbit above the Earth’s surface is 250 km (at perigee) and
the maximum height above the Earth’s surface is 1300 km (at apogee). (i) Qualitatively sketch
the variation of the kinetic energy of the satellite with the height above the Earth’s surface
from perigee to apogee. (ii) If the velocities of the satellite at apogee and at perigee are v, and
vy, respectively, using conservation of angular momentum, find v, in terms of v,. (iii) Using
conservation of energy, hence determine the value of vj.

Solution. (i) By COE,
GMm  GMm

T T’f

AK =

Qualitatively, there is an inverse relationship between KE and distance from the Earth’s surface,
thus the sketch looks like:

K

N

(ii) By COAM,

(iii) By COE,

a P
2 Ta 2 Tp

Substituting in the relation from (ii), you can solve to get
Ve = 9.93 x 10" m/s
Problem 2.3. Find the magnitude of the gravitational force acting on a point mass m located

at the center of a semi-circular frame (only the arc) with linear mass density p and radius R.

Solution. It turns out the easiest way to do it is to just naively integrate the force contributions
from each infinitesimal part of the semi-circular frame.

/.,.NO :

The infinitesimal force is
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By symmetry, the "horizontal" component of this force cancels out upon integration, so we only
care about the "vertical" component. Thus, the net force is

Flret = /dF sinf = / Gmusin0df = Gmmpu
0

Problem 2.4. A point mass m is placed along the axis of a ring M at a distance x from the
centre of the ring, and released from rest. If the mass of the ring is distributed uniformly, and
the radius of the ring is R, find the angular frequency of small oscillations of the point mass
along the axis of the ring, assuming =z << R.

Solution. In a similar vein to the previous problem, we integrate over the ring to sum forces.

aM

e o @ oe m
u X
The infinitesimal force is
IF — GmdM
22+ R2

By symmetry, the "vertical" component of this force cancels out upon integration, so we only
care about the "horizontal"' component. Thus, the net force is

M M M
Fnet:/chosﬂ:/ Gmzd _ Gmx i /dM: G mx3 %G ;na;
(2 +R%)2 (22 + R2): (22 + R2)? R

where the last equality invoked the limit z << R.

Notice that this force is restoring as it decreases x. Thus, the equation of motion is

. GMmxzx
_l’_ -

GM
ma =0 =23i+—72=0

R3 R3
This is the form of a SHM, with angular frequency

_|GM
© =\
Problem 2.5 (SPhO 2019). The internal and external radii of a uniform hollow sphere are r

and R respectively. Taking the gravitational potential to be zero at infinity, what is the ratio of
the gravitational potential at the point on the outer surface to that on the inner surface?

Solution. We need to first find the expression for the gravitational field.

Let the sphere have a mass density p. Outside the sphere, using a Gaussian sphere gives

GM 4 R3 — 13
g=—— =—=-Gpr T , x> R
3 z?
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Inside the solid part of the sphere, using a Gaussian sphere gives

33

4
gz—gGmr( 2 >,T<x<R

Inside the hollow part of the sphere, there is no enclosed mass, so
g=0, z<r

We can now proceed with integration. For =z > R,

R 3_7.3 3_7.3
¢<R>=—/oo<—§am(Rx2 ))m;écpﬂ(RR )

¢(r)=¢(R)— /T (—4Gp7r <x3 —27"3)) dr = —2GprR* + 2Gprr?

Thus, the desired ratio is

3_,3
o(R) 30 (TF7) 2R+ Rr+r?)
¢ (r) —2GpmnR2+2Gpmr2  3R(R+r)

Problem 2.6 (Ricardo). A spaceship is sent to investigate a planet of mass m,, and radius 7.
While hanging motionless in space at a distance 5r, from the centre of the planet, the ship fires
an instrument package with speed vy. The package has mass m; which is much smaller than
the mass of the spaceship. The package is launched at an angle 6 with respect to a radial line
between the centre of the planet and the spaceship. For what angle 6 will the package just graze
the surface of the planet?

Solution. We can write the COAM equation:
mivg (57p) sin@ = myvr, = vy = Sygsind

and we can also write the COE equation:

Substituting the expression for vy into this equation and solving, you will obtain

6 = sin~* ! 8Gm§ +1
o\ orpvg

Problem 2.7 (HRK). How long will it take a comet, moving in a parabolic path, to move from
its point of closest approach to the Sun at A, through an angle of 90°, measured at the Sun, to

20
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B? Let the distance of closest approach to the Sun be equal to the radius of the Earth’s orbit,

assumed circular.
\ / \Earth
\\ Sun
G //
Al

Comet

Solution. By Kepler’s First Law, the Sun is at the focus of the parabolic path. Let the comet’s
periapsis distance be R, the same as the Earth’s orbit.

The polar equation of the parabola from the focus is

2R

)= ——
r () 1+ cosf

since a parabola has an eccentricity of 1. At § = 7, the radius has swung through 90° and has
reached B.

By Kepler’s Second Law,

dA_ L _
dt = 2m—COIlS an

We can find this constant by evaluating it at the periapsis (which is at A):

%—ER 2GM  |GMR
dt 2 R 2

Using integration, we can find the area swept out:

I s
A:/2r2d9:2R2/2d9 ;
o 2 0o (1+cos@)

To solve this integral, we use the substitution u = g, thus cosf = 1 — 2sin® u. We get

1 1 T4
A= RQ/ sec* udu = R? [tamu—i—tangu]4 = _-R?
0 3 0 3

Thus, the time required is

t= — =

= 0.30years

A 4V2 R
3

&
e
S

Problem 2.8 (Kevin Zhou). A spaceship of titanium-devouring little green people has found a
perfectly spherical homogeneous asteroid. A narrow trial shaft was bored from point A on its
surface to the center O of the asteroid. At that point, one of the little green men fell off the
surface of the asteroid into the trial shaft. He fell, without any braking, until he reached O,
where he died on impact.
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However, work continued, and the little green men started secret excavation of the titanium, in
the course of which they formed a spherical cavity of diameter AQO inside the asteroid. Then, a
second accident occurred: another little green man similarly fell from point A to point O, and
died. (i) Find the ratio of the impact speeds for the two men. (ii) Find the ratio of the times of
impact for the two men.

Solution. (i) For the first case, we assume the volume of the hole is small and that Earth’s mass
and shape doesn’t change from it.
At a radius r from the centre, by Gauss’ Law,

GMr GMm
g:—R3 = F=mg=—

This is the form of a SHM with

3 r=mir = 7'"'—1—?7’:0

while the impact speed is

For the second case, we apply superposition, treating the hole as a negative mass —i M. When

i

the object is at a radius r from the centre of the big sphere, it is at a radius r — 5 from the
centre of the hole. Hence,

while the impact speed is

22
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The desired ratio of impact speeds is

= =1
V2

(ii) The desired ratio of impact times is
t1 .
ty 4

Problem 2.9 (SPhO 2017). A planet is in a circular orbit around a star of mass M. The star
is much more massive than the planet. The star explodes symmetrically and instantaneously
such that its outer envelope is pushed far beyond the orbit of the planet (and does not interfere
with the planet). The remaining piece of the star is of mass M’ (still much greater than the
mass of the planet). Find the eccentricity of the new orbit of the planet.

Solution. Let R be the initial radius of the orbit and m be the mass of the orbiting object.
Then, after the change in mass from M to M’, the periapsis is r, = R while the apoapsis is 1, > 7).

The initial orbital speed of the mass is

Note that this speed cannot instantaneously change after the explosion! (That will imply
an infinite acceleration, which is not physical.)

Hence, we can write the COE equation for the elliptical orbit:

1 5 GmM' 1
—muv® — =

5 GmM' L2 2GM'  , 2GM’
muv, — vt — =V, —
2 R 9 e R, R “ R,

and we can also write the COAM equation:
mRv=mR,v, = Rv=R,v,

Putting both equations together,

1 1
Rv = Ra\/’U2 — 2G M’ (R — Ra)

This can be rearranged into a quadratic equation:

oM’ N2 2M' /R,
(1_ )(R)+ (R)—lzo . Ry RorRy— -2

2M'
M )\R M \R M

The eccentricity is hence given by

R, — R
R,+R

E =

M/
=1
M

Problem 2.10 (SPhO 2016). A spacecraft is to be sent from Earth to Saturn. The Hohmann
transfer is a manoeuvre that transfers the spacecraft from Earth’s orbit around the Sun (assumed
to be circular) to Saturn’s orbit around the Sun (assumed to be circular also). This is done by
pushing the spacecraft into an elliptical orbit that has its perihelion and aphelion touching the
Earth’s orbit and Saturn’s orbit, respectively.

23
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e AN
//‘/ \\\
¢
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4 \ transfer -/
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\ /o

.........
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Through this problem, you may use the following symbols and constants in your working.
1. Earth’s velocity around the Sun: vg = 2.97 x 10*m/s
2. Earth’s orbital radius around the Sun: rg = 1.50 x 10! m
3. Saturn’s orbital radius around the Sun: ry = 1.43 x 102 m
4. Mass of the Sun: Mg = 1.99 x 103 kg
5. Venus’ orbital radius around the Sun: r¢ = 1.08 x 10 m
6. Venus’ orbital period around the Sun: To = 0.615 years

(i) Assuming that the spacecraft is initially travelling at the velocity of the Earth around the
Sun, calculate the change in velocity Av for the spacecraft to transfer from Earth’s orbit to
the elliptical orbit. Ignore the Earth’s and Saturn’s gravitational forces. (ii) Calculate the
time it takes for the spacecraft to travel from Earth’s orbit to Saturn’s orbit. (iii) The Cassini
spacecraft was not sent to Saturn by a direct Hohmann transfer. Instead, it was first sent to
Venus (via Hohmann transfer), where it gained speed twice, using gravity assists by Venus. The
first gravity assist by Venus changed the spacecraft’s velocity and transferred the spacecraft to a
more eccentric orbit, such that the spacecraft returned to its orbital perihelion after Venus had
completed its orbit twice, and the spacecraft received the second gravity assist by Venus at that
point. Calculate the change in velocity of the spacecraft during the first Venus’ gravity assist.

Solution. (i) The final semi-major axis is a = w. Thus, by COE,

1 1 GMaom  GMgm
om (vg + Av)? — §mv629 =— o _ O
T® re + Th
Thus, the change in velocity is
Av =, |vZ + GM, R ve = 1.03 x 10*m/s
N ® © rT® Te T T &=~

(ii) The time taken for the Hohmann transfer orbit is half the period. By Kepler’s Third Law,

3
T 3 ()

Ta
2 JGMgy  /GMg

(iii) The initial semi-major axis is %. By Kepler’s Third Law, T a%, thus the final

= 6.07 years

2 : . .
semi-major axis is 237r¢. The new velocity when sent to Venus via Hohmann transfer is

2 2
=4/GMpy | — — —
U1 \/ O<T@ 7"@—1-?”(;)
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Upon intersecting Venus’ orbit for the first assist, by COAM, its velocity is

r
Vo = ﬁm
rQ

The speed needed to transit to the new orbit with semi-major axis a = 2§r9 is

2 1
V3 = GMO — — 3
rQ 257“9

Av =v3 —v9 = 3230m/s

The change in velocity is

Problem 2.11 (Morin). Let the Earth’s radius be R, its average density be p, and its angular
frequency of rotation be w. Consider a long rope with uniform mass density extending radially
from just above the surface of the Earth out to a radius of nR. (i) Show that if the rope is to
remain above the same point on the Equator at all times, then we must have

8tGp
2 =
n+n 302

(ii) Where does the tension along the rope achieve its maximum value?

Solution. (i) For the rope to remain synchronous with the Earth’s rotation, wyepe = Wgarth = w.
Let’s analyse forces on infinitesimal portions of the rope.

1R

,

The FBD of the infinitesimal segment dx is as follows:

T  TOewdx)
"y
Accounting for the net centripetal acceleration towards the centre of the FEarth,

_ GMp,
=

dI’"  GMop, 9
=—>5 —pwze

T (x+dz)—T (z) dr — ppw’xde =

dr oz
We can solve this ODE by separating variables:

2.2
/dT = / <GMpr —prw2x> dr = T(z)= _GMpr pra +C

2 T 2

The constant C' can be found using the boundary conditions. At the ends of the rope, since they
are connected to nothing, tension must be 0. Thus, T'(R) = 0 and T (nR) = 0.
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Substituting these conditions in,

_GMPT . pTWQRQ GMp, + er2R2

+C=0 = C(C=

R 2 R 2
GMp, prw2772R2 GMp, prw2R2 GMpy, 1 prw2R2 2
- - = 1—-) = —1
IR > ttgr tT 70 = ( 77> 7 (" =1)
G (4 5 1 w?R? 9 8Gmp
R (37TR p) (1 - 77> =— (77 - 1) = n4+n= 32 (proven)

By substituting in numerical values, you can find n = 23.6.

(ii) The tension achieves its maximum value when d%‘ = 0. Thus,

GM :w2 = 3 GM 3 4G,07T
2 w2 3w?

To be rigorous, you should also check that this stationary point is a local maximum! (It is.)

Problem 2.12 (Ricardo). The trajectory of a particle under the influence of a central force
(not necessarily gravitational) is a circle of radius R. The position of the source of the central
force is not known. Given that the maximum and minimum speeds of the particle are v; and v
respectively, determine the period T of the particle’s orbit. (Hint: Kepler’s 2nd Law holds for
all central forces.)

Solution. It may seem puzzling at first how the speed of the particle varies even along a circular

orbit. This is because the source of the central force is not at the centre!

We define our coordinate system with the source at the origin and the centre of the circle
at (a,0), where a # 0, as such:

(0r0) (a,0)

By conserving angular momentum per unit mass about the source,
vi(R—a)=v2(R+a)=h
As per the hint, we apply Kepler’s Second Law, so the rate of area swept out by the particle is
dA _ h  Rvivg

E 2_’01—1—112

Separating variables and then integrating over one period T,

mR2 T
R R
/ dA = / v g po TROITY)
0 0 V1tV V1V9
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Problem 2.13 (200 Puzzling Physics Problems). A rocket is launched from and returns to a
spherical planet of radius R so that its velocity vector on return is parallel to its velocity vector
at launch. The angular separation at the center of the planet between the launch and arrival
points is 8. How long does the flight take, if the period of a satellite flying around the planet
just above its surface is Ty?

Solution. We first draw a diagram of the trajectory of the rocket:

By Kepler’s First Law, the starting and ending points of the trajectory are the two ends of the
minor axis, and the centre of the planet is one of the foci of the ellipse.

The distance from the focus to the ends of the minor axis is R. Thus, the sum of distances from
the two foci (recall there is one empty focus) to one end of the minor axis is 2R.

Hence, we can relate the semi-major axis:

20=2R = a=R
We now invoke Kepler’s Second Law. The area swept out by the trajectory is the sum of the
area of half an ellipse and a triangle:

1 1 1 0 1
A= §Ad”pse + §a2 sinf = §7ra2 sin? 3 + §a2 sin’ 6

The full period of this elliptical orbit is equal to Ty because the circular orbit’s radius is also R.
Thus, the time taken for this flight is given by the ratio of areas swept out:

12260 | 1. 2.9 0
sma®sin® g + 5a” sin” 0 1 cos3
T:T°<2 T >:T0<2+ )
T

ma? sin? g
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3 Advanced Problems

These problems are way too difficult to be tested in a modern-day SPhO. If you have completed
all the previous problems and are down for a challenge, try these!

Problem 3.1 (Kevin Zhou). We shall investigate the first, second and third cosmic velocities.
Evaluate all your answers numerically, using the following values:

1. Mass of the Earth: Mpgn = 5.97 x 10%* kg

2. Mass of the Sun: Mgy, = 1.99 x 1030 kg

3. Radius of the Earth: Rpgren = 6.37 x 106m

4. Distance between the Sun and the Earth: dgy, = 1.50 x 1011 m

(i) Starting from the Earth’s surface, what is the minimum launch speed required to put a
satellite into orbit around Earth? This is the first cosmic speed. Do not account for the rotation
of the Earth. (ii) Now, accounting for the rotation of the Earth, what is this new minimum speed,
and how should the satellite be launched? (iii) What is the minimum launch speed required for
a rocket to escape the gravitational field of the Earth? This is the second cosmic speed. (iv)
What is the minimum launch speed required for a rocket to leave the solar system? This is the
third cosmic speed. How should the satellite be launched? Work in the approximation that
REgarth << dgun. (v) What is the minimum launch speed for a rocket to hit the Sun? Assume
that you cannot make any adjustments to the rocket’s path after launch. (vi) If subsequent
adjustments are allowed, the minimum launch speed in (v) can be dramatically reduced. Find
the new minimum launch speed if an infinitesimal adjustment later is allowed.

Remark. You should only be finding (iv)-(vi) difficult.

GM,
v = ‘/M =7.9km/s
REarth

(ii) The Earth imparts a speed of v, from its rotation. The most optimal is launching from the
Equator (latitude 90°), as we only need to launch with speed v; — v,.

Solution. (i) This is trivially

We have or R
Vy = REarthwr = w = O.46km/s
T

and thus,
Vl,min = V1 — Ur = 7.4m/s

2CTY]\4E<Mﬂth
v :“7:11.21{1118
2 REarth /

(iv) There is a very easy way to obtain the wrong solution, illustrated below.

(iii) This is also trivially

Wrong solution: To escape the solar system, the rocket must escape the Sun too. As
Earth moves at vggpn = 1/%, the fastest part of the Earth moves at vgertn + REarthWr-
Hence, COE gives

GMEgartnm . GMgunm o
RE‘arth dSun

1
§m (anrth + REarthwr + U3)2 - 0
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M, M,
= U3 = \/2G ( Barth + Sun) — VEarth — REarthwr
REarth dSun

The reason why this is wrong is because COE cannot be applied in one step! We would necessarily
have to work in a frame whereby either the Earth or the Sun has a significant velocity if we
did this, leading to large changes in the KFE of the Earth or the Sun, which are messy to deal with.

The correct way is to work in two stages: first, the rocket leaves the field of the Earth,
then it leaves the field of the Sun.

Correct solution: Once the rocket leaves the field of the Earth, its velocity relative to
the Sun must be 1/% to escape the Sun.

Since the Earth already has velocity ,/%, the minimum relative velocity to Earth is

(ve-1)

Sun

Now, work in the frame of the Earth in the first stage. If the launch velocity is v3, COE
gives

2 dSun REarth

2
1 M M
-m (Ug— ((\/5—1) ¢ Sun) ) :GEM = v3 = 16.7km/s

If you had done the wrong solution (or something similar), don’t worry! The author of this
handout also did the wrong solution when he was learning this. Reference frames and energy
are tricky indeed :p

(v) In this case, after leaving Earth, we need zero velocity. This means we need a velocity of
\/% . Thus, by a similar reasoning,

2 2
o= [ FEMEarn ) ([ [GMsun ) _ 31.8km/s
REarth dSun

(vi) The best option is to perform the operation described in (iv), to first escape the solar system.
Afterwards, when the rocket is far away, it can perform an infinitesimal boost to cancel out its
speed, and it will then fall into the Sun.

Problem 3.2 (Physics Cup). A cannonball is launched from the Equator and subsequently
hits the North Pole. Neglecting air resistance and the Earth’s rotation, at what angle to the
horizontal should the cannonball be fired to minimise the required speed? (The North Pole and
the Equator differ by a latitude of 90°.)

Solution. You may find the official solutions here.

Problem 3.3 (APhO 2017 T2). An excellent gravitation problem. This problem is representative
of the level of international Olympiads, so don’t be too discouraged if you can’t solve parts of it!

Solution. You may find the official solutions here.
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4 Appendix

4.1 Deriving the Total Energy of an Elliptical Orbit
Let us introduce the quantities below, which will be useful for the proof:

1. Specific Angular Momentum: J = £, defined as the angular momentum per unit

m
mass.
2. Specific Energy: ¢ = %, defined as the (total) energy per unit mass.
Clearly, since L and E are conserved, thus J and € are conserved too.
Let the periapsis distance be r1 and the apoapsis distance be r3. By conserving J,
J = T1VU1 = TU2 (38)

and by conserving 2¢ at these two points,

2GM 2GM
2¢ = v — ¢ =3 — ¢ (39)
T T2
Thus, combining Equations (38) and (39),
J2  GM 9 J?
_ﬁ_ , = €r +GM7"—?:O (40)
whereby Equation (40) is satisfied by both r = r; and r = rs.
By Vieta’s formula,
M M
Sum ofroots=7“1+r2:—G :—G m (41)
€ E
Recall that 1 + 9 = 2a. Thus,
GMm GMm
20 = ———— E=— 42
“ B 2a (42)

as desired. This concludes the proof.

4.2 A Discussion on Central Forces

In general, a central force is defined as any force that points purely radially towards or away
from a fixed point in space. For instance, clearly, the gravitational force is a central force.

Since we care about the radial direction, let’s turn our focus to polar coordinates. Writing N2L
in polar coordinates,

Fo=m (r - r9’2) (43)
Fy = m (rf + 270) (44)

Since we are dealing with a central force, F = 0 and F, = F(r). Equation (44) becomes

r64+2r0=0 = 120420 =0 = pn (7“29) =0 = 7?0 =constant  (45)

Recall that L = mr20. Thus, this implies that L is conserved, as we expect.
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With L, we may analyse the total energy of a system under the influence of a central force. The
total energy is given by

E—K+U=1m (7‘«2 + 7«29'2) +U®r) = Loni? 4 U(r) + L (46)
2 2 2mr?

Notice how we grouped the terms together. The term in the brackets can be defined as the
effective potential energy, U.;f(r):

L2
2mr2

Uess(r) =U(r) + (47)

This is convenient because the effective potential energy only depends on r, while the other term,
%mig, only depends on 7. Hence, the term outside the brackets more closely resembles kinetic
energy, while the term inside the brackets more closely resembles potential energy!

Remark. The % term is actually kinetic energy, but it is more convenient to just treat it as
part of the potential energy.

We can also note that Uepp(r) = E — gmi2. As $mi? > 0, thus
Ueps(r) < E (48)

hence, setting an upper bound for Ues¢(r).

This idea is useful for finding apsides. At the apsides, the radial distance is maximal/minimal,
and hence 7 = 0. Thus, £ = Ugyy.

Going back to forces, we can use the substitution 6 = #, thus Equation (43) becomes
L \? L?
(r) m(r T(mﬂ) ) m(r m2r3> (49)
which is a differential equation solely in r. We have reduced our problem in r and 6 to just 7!
However, this is still not easy to solve. (You may try it as an exercise if you aren’t con-

vinced how hard it is to solve this.) Thus, let’s turn our focus to an ingenious substitution,
called the inverse radial position, u:

= - 50
wi= - (50)
Since dr = —u% du, we may convert the position-derivative operator:
d 5 d
o 22 1
dr b du (51)
We also know from COAM that
de d L d ILu*d
e dt ~ mr2dd  m do (52)

Remark. At this point, it is worth noting that Equations (51) and (52) alone make no mathe-
matical sense. Instead, here, we are dealing with operators - the % and % are operators which
will be applied to quantities.
Now, applying Equation (52), we differentiate r with respect to time:
Lu? d (1 Lu? 1d Ld
7;_“<> _ (_u> _ Ladu (53)
m df \u m u? db m df
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Differentiating with respect to time once more,

. Lurd ( Ldu) _ L du (54)
 m dO\ mdf)  m? do?
Thus, Equation (49) reduces to
L?u? v L2ud d*u m
F — _ -7 = - = ——_F 55
() m  db? m dn? tu L2u? () (55)
or, equivalently, using the idea of effective potential energy in Equation (47),
d*u m._,
a2 = " 12Uess (u) (56)

This is a 2nd order ODE that we are more familiar with, and is commonly referred to as the
Binet Equation.

What remains is to substitute in F'(u) and solve for u (), and hence 7 (#). You have solved for
the polar equation of the trajectory of a particle under a central force!

4.3 Laplace-Runge-Lenz Vector
The Laplace-Runge-Lenz vector
A =p x L — GMm?# (57)

is a special quantity that is conserved, given a star of mass M at the origin, and a planet with
radial position r, momentum p and angular momentum L.

p *x L[ _~mk#
2
r
pxL / . pxL\__A
A mkt 'rr 3/ mkf
pxL mkt

To show that this is conserved, we consider the time-derivative of A. Any conserved quantity
will have its time-derivative equal to 0, so our goal is to prove that it is 0.

Recall that

dp
— L = X = F
p = mv, mr X v, —
Thus, we can evaluate
pr:mvx(mrxv):m2v><(rxv):m2(02r7v(r-v)) (58)
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where we have used the vector triple product for the last equality.

Now, we can differentiate

dA  d

R R G R R I

We shall simplify term by term:

& () = S (v-v)m) = (v a)r 40Py (60)
%((r-v)v)z(02+r-a)v+(r'V)a (61)
dr d (r v rdr v r v r-v)r
L ) R e L o)

Note that in Equation (62), the second equality is true from the definition of radial speed:

dr d _ld(r-r) r-v

E:£(m)_2r a  r -0
Now, recall that
. F GM GM
a:r:%——rTr— 7131' (63)

Thus, the full simplification of Equation (59) is as such:

dA 2 2V 2I'-V
M 2(v-a)r—(r-a)v—(r-v)a) —GMm ;—l—GMm 3T
2GM M M .
:m2< ¢ (r-v)r+Gv+G(r~v)r)GMm2V+GMm2rvr
3 r 73 r r3
= 2(—G{Y(r-v)]fw—G]wv)—G]Mmzv—&—GMm2r‘3vr—O
r r r r

which is exactly as desired, thus proving that A is a constant of motion.
This may seem extremely contrived, but the Laplace-Runge-Lenz vector can be elegantly

used to solve some problems. For a very hard problem that uses this idea, you may look at
Physics Cup 2021, Problem 2.
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https://en.wikipedia.org/wiki/Triple_product#Vector_triple_product
https://physicscup.ee/physics-cup-taltech-2021-problem-2/
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